548
In the inventory/production literature, all researchers have constructed their models under the assumption of either allowing lot streaming for all firms involving production (Khouia 2003) or not (Ben-Daya and Al-Nassar 2008), or both extremes (Sucky 2005, and Leung 2010a) . The main purpose of the chapter is twofold: First, we build a generalized model incorporating a mixture of the two extremes and allowing compete backorders penalized by linear (i.e. timedependent) shortage costs, and solve it algebraically. As a result, we can deduce and solve such special models as Khouja (2003) , Cárdenas-Barrón (2007) , Ben-Daya and Al-Nassar's (2008) , Seliaman and Ahmad (2009) , and Leung (2009a Leung ( , 2010a . In addition, with appropriate assignments as in Section 5 of Leung (2010a) , we can also deduce and solve other special models: Yang and Wee (2002) , Wu and Ouyang (2003) or Wee and Chung (2007) , and Chung and Wee (2007) . Second, we derive expressions for sharing the coordination benefits based on Goyal's (1976) scheme, and introduce a further sharing scheme. Some good review articles exist that provide an extensive overview of the topic under study and can be helpful as guidance through the literature. We mention surveys by Goyal and Gupta (1989) , Goyal and Deshmukh (1992) , Bhatnagar et al. (1993) , Maloni and Benton (1997) , Sarmah et al. (2006) , and . The well-known models of Goyal (1976) , Banerjee (1986) , Lu (1995) , and Hill (1997) are extended by as well. Other recently related articles include Chan and Kingsman (2007) , Chiou et al. (2007) , Cha et al. (2008) , Leng and Parlat (2009 a,b) , and Leng and Zhu (2009) .
Assumptions, symbols and designations
The integrated production-inventory model is developed under the following assumptions: 1. A single item is considered. 2. There are two or more stages. 3. Production and demand rates (with the former greater than the latter) are independent of production or order quantity, and are constant. 4. Unit cost is independent of quantity purchased, and an order quantity will not vary from one cycle to another. 5. Neither a wait-in-process unit, nor a defective-in-transit unit, is considered. 6. Each upstream firm implements perfect inspection to guarantee that defective units are not delivered to any retailer. Three types of inspection suggested in Wee and Chung (2007) are executed . 7. Each type of inspection costs is different for all firms in each stage involving production. 8. Setup or ordering costs are different for all firms in the chain. 9. Holding costs of raw materials are different from those of finished products. 10. Holding costs of raw materials are different for all firms in the chain. 11. Holding costs of finished goods are different for all firms in the chain. 12. Lot streaming is allowed for some firms but no lot streaming is allowed for the rest in each stage involving production. 13. Shortages are allowed for some/all retailers and are completely backordered, and all backorders are made up at the beginning of the next order cycle. 14. All firms have complete information of each other. 15. The number of shipments of each supplier, manufacturer, assembler or retailer is a positive integer. 16. The planning horizon is infinite. 
where the former represents the proportion of production that goes to meet demand and the latter reflects the proportion of production allocated to inventory, 
Assume that there is an uninterrupted production run. In the case of lot streaming in stage (1 , , 1 ) in =− , shipments can be made from a production batch even before the whole batch is finished. According to Joglekar (1988 Joglekar ( , pp. 1397 , the average inventory with lot streaming, for example, in stage 2 of a 3-stage supply chain, is 32 22 2 2
which is the same as equation (7) of Ben-Daya and Al-Nassar (2008) . Without lot streaming, no shipments can be made from a production batch until the whole batch is finished. The opportunity of lot streaming affects supplier's average inventory. According to Goyal (1988, p. 237 
where without lot streaming, term 1 represents the sum of holding cost of raw material while they are being converted into finished goods and the cost of holding finished goods during the production process, and term 2 represents the holding cost of finished goods after production; but with lot streaming, term 1 represents the sum of holding cost of raw material while they are being converted into finished goods, and terms 3 and 4 represent the holding cost of finished goods during a production cycle; term 5 represents the setup cost, and the last three terms represent the sum of inspection costs. Incorporating designation (2) in equation (14) yields
The total relevant cost per year of retailer (1 , , ) 
where term 1 represents the holding cost of finished goods, term 2 represents the backordering cost of finished goods, and term 3 represents the ordering cost. Expanding equation (16) 
An algebraic solution to an integrated model of a three-stage multi-firm supply chain
Incorporating designations (3) to (9) with 3 n = in equations (15) and (17) 
The joint total relevant cost per year for the supply chain integrating multiple suppliers 
Substituting equations (18) to (20) in (21) and incorporating designations (10) to (13) Adopting the perfect squares method advocated in Leung (2008a, p. 279) to terms 1 and 2 of equation (22) 
Multiplying out the two factors inside the square root in equation (26) 
We observe from equation (27) 
and 12 1 (1) 12 1 1
The validity of the equivalence is based on the following two-step minimization procedure.
Step (1) 
where x ⎢⎥ ⎣⎦ is the largest integer ≤ x.
Option (2): Equation (27) 0.25 0.5
and
Both options must be evaluated for a problem (see the numerical example in Section 6). However, Option (1), evaluating in the order of K 1 and K 2 , might dominate Option (2), evaluating in the order of K 2 and K 1 , when the holding costs decrease from upstream to downstream firms. A formal analysis is required to confirm this conjecture. 
Deduction of Leung's (2010a) model without inspection

Deduction of Leung's (2010b) model without shortages
Suppose that for all j, j b = ∞ . Then 
The global minimum solution
It is apparent from the term in equation (26) This brief checking is also valid for any n-stage (2 , 3 , ) n = single/multi-firm supply chain with/without lot streaming and with complete backorders. However, when both a linear and fixed backorder costs are considered, the checking of global minimum is not so obvious, see Sphicas (2006) .
Expressions for sharing the coordination benefits
Recall that the basic cycle time and the associated integer multipliers in a decentralized supply chain are denoted by n τ and 
which, on applying the perfect squares method to the first two terms, yields the economic order interval and backordering intervals for each retailer in stage 3 given by 
and the resulting minimum total relevant cost per year given by 
Similarly, equation (18) 
We readily deduce from equations (36) . (48) The judicious scheme for allocating the coordination benefits, originated from Goyal (1976) , is explicitly expressed as follows:
Share Total saving ( ) Because we consider a non-serial supply chain (where each stage has more than one firm, but a serial supply chain has only one firm), not necessarily tree-like, a reasonable scheme is explicitly proposed as follows: Share (1 ) ( )( )(1 ) for 1, , 1,
Adjusted Share S h a r e S h a r e () ( ) () ( 1 ) f o r .
Hence, the total relevant costs, after adjusting the shares of the benefits, in stage i per year are denoted and given by Adjusted Share for 1, ,
and the adjusted percentages of cost reduction are given by (1 ,, ) 
A numerical example
(A 3-stage multi-firm centralized/decentralized supply chain, with/without lot streaming, with/without linear backorder costs, and with inspections) Suppose that an item has almost the same characteristics as those on page 905 of Leung (2010b) as follows:
Two suppliers (1 ; 1 , 2 ) ij = = : Table 1 shows the optimal results of the integrated approach, obtained using designations (2) to (13), and equations (18) to (20), (24) to (26) and (32) to (35) . Detailed calculations to reach Table 1 are given in the Appendix. Thus, each of the two suppliers fixes a setup every 41.67 days, each of the four manufacturers fixes a setup every 41.67 days and each of the six retailers places an order every 13.89 days, coupled with the respective backordering times: 8. 17, 6.81, 6.95, 6.67, 13.89 and 0 days. Note that the yearly cost saving, compared with no shortages, is 8.20% 69,719.47 63,999.43 69,719.47 ()
where the figure $69,719.47 is obtained from the last column of Table 1 in Leung (2010b Table 2 shows the optimal results of the independent approach, obtained using equations (44), (46) to (48) with 3 n = . Table 3 shows the results after sharing the coordination benefits, obtained using equations (49) Table 3 shows that the centralized replenishment policy increases the costs of the four manufacturers and six retailers, while decreases the cost of the two suppliers. According to Goyal's (1976) saving-sharing scheme, the increased costs of the manufacturers and retailers must be covered so as to motivate them to adopt the centralized replenishment policy, and the total yearly saving of $917.29 is shared to assure equal yearly cost reduction of 1.41% through all three stages or the entire chain. Because Table 4 shows the adjusted results, obtained using equations (52) and (53), and indicates that the retailers' yearly cost reduction increases from 1.41% to 4.56% (which is rather significant), and the suppliers' and manufacturers' yearly cost reductions are at least ( may be allocated to them, and hence this figure becomes 0.85% 17 ,913.57 17 ,826.42 29.70 36.16 17 ,913.57 ()
If they consider 0.85% insignificant, negotiation between all the upstream stages and the retailers is the last resort. 
Stage
Conclusions and future research
The main contribution of the chapter to the literature is threefold: First, we establish the nstage (2 , 3 , 4 , ) n = model, which is more pragmatic than that of Leung (2010b) , by including Assumption (13). Secondly, we derive expressions for sharing the coordination benefits based on Goyal's (1976) scheme, and on a further sharing scheme. Thirdly, we deduce and solve such special models as Leung (2009a Leung ( , 2010a . The limitation of our model manifest in the numerical example is that the number of suppliers in Stage 1 is arbitrarily assigned. Concerning the issue of "How many suppliers are best?", we can refer to Berger et al. (2004) , and Ruiz-Torres and Mahmoodi (2006, 2007) to decide the optimal number of suppliers at the very beginning. Three ready extensions of our model that warrant future research endeavors in this field are: First, following the evolution of three-stage multi-firm supply chains shown in Section 3, we can readily formulate and algebraically analyze the integrated model of a four-or higherstage multi-firm supply chain. In addition, a remark relating to determining optimal integral The three yearly costs are obtained using equations (18) to (20) In particular, the optimal solution to the model based on the equal-cycle-time coordination mechanism is as follows:
( The three yearly costs are obtained using equations (47) and (48) The results for the decentralized model are summarized in Table 2 , and the results after sharing the coordination benefits are summarized in Table 3 , in which columns 3 and 4 are obtained using equations (49) and (50), respectively.
